We use perturbation theory to directly calculate the van der Waals and dipole-dipole energy shifts of pairs of interacting Rb Rydberg atoms for different quantum numbers n, ᐉ, j, and m j , taking into account a large number of perturbing states. Our results can be used to identify good experimental parameters and illuminate important considerations for applications of the "Rydberg-excitation blockade." We also use the results of the calculation to explain features of previous experimental data on the Rydberg-excitation blockade. To explore control methods for the blockade, we discuss energy shifts due to atom-atom interaction in an external electric field.
I. INTRODUCTION
Due to their large sizes and polarizabilities, Rydberg atoms excited from ensembles of laser-cooled ground state atoms interact strongly via resonant dipole-dipole or offresonant van der Waals interactions. These interactions can lead to a number of interesting collisional effects including state mixing ͓1,2͔, the formation of ultracold plasmas ͓3-5͔, and the conversion of internal energy to center-of-mass energy ͓6,7͔. For relatively low densities and short interaction times, however, a window of experimental parameters exists in which these incoherent processes are sufficiently suppressed so that fragile, coherent dynamics is observable. A coherent phenomenon that has recently attracted attention is the so-called "Rydberg-excitation blockade," or "Rydberg blockade." If a small atomic sample is uniformly excited into Rydberg levels, collective states are created in which Rydberg excitations are coherently shared among all atoms. For example, the first excited state of an N-atom ensemble is ͉N ,1͘ = ͑1/ ͱ N͒⌺ i=1 N ͉g 1 , g 2 , ... ,r i , ... ,g N ͘, where the subscripts are the atom labels and ͉g͘ and ͉r͘ denote an atom in the ground state and the Rydberg state, respectively. The energy levels of the system deviate from an equally spaced ladder of energies because of coherent interactions between Rydberg atoms. This is schematically represented in Fig. 1 . The energy of the second excited state, ͉N ,2͘, is shifted by the interaction energy, V Int , from its interaction-free value. If the laser is tuned to the lowest transition in the system ͉N ,0͘ → ͉N ,1͘ and has a frequency bandwidth less than V Int / h, excitation of all quantum states higher in energy than ͉N ,1͘ is suppressed. This "blockade" of higher excitations can potentially be applied to quantum information processing ͓8,9͔, quantum cryptography ͓10͔, atomic clocks ͓11͔, the generation of mesoscopic entanglement ͓8͔, and the improvement of spectroscopic resolution ͓8͔.
Significant progress has been made towards demonstrating and understanding the blockade. Evidence of the blockade effect has been observed in the suppression of bulk Rydberg excitation in large samples ͓12,13͔ and in the counting statistics of the number of Rydberg excitations in small Rydberg-atom samples ͓14͔. Experimental evidence of a blockade realized by the tuning of a Förster resonance in an external electric field has also been reported ͓15͔. The Rydberg blockade has been modeled using many-body quantum simulations ͓16,17͔, and the application of the blockade to quantum phase gates ͓18,19͔ has been analyzed. Additional work has been done to characterize Rydberg-atom interactions, including spectroscopic studies of resonant dipolar interactions ͓5,20,21͔, observation and characterization of molecular resonances ͓22,23͔, and a study of the angular dependence of dipolar Rydberg atom interactions ͓24͔.
In Refs. ͓12-14,16,17͔, the Rydberg blockade is based primarily on level shifts caused by binary interactions between Rydberg excitations. While it is straightforward to estimate the order of magnitude of such interactions, knowledge of their detailed dependence on the atomic species, quantum numbers, interatomic separations, etc., is important to understand the exact behavior of systems of interacting Rydberg atoms. In this paper, we present calculations of van der Waals and dipole-dipole energy level shifts, V Int , of pairs of Rb Rydberg atoms for different quantum numbers n, ᐉ, j, and m j , accounting for a large number of perturbing states. We identify parameter ranges suitable for applications of the Rydberg blockade and explain some features of recent experimental data ͓14͔. We then discuss mechanisms for control of the Rydberg blockade based on calculations of interaction energies in external electric fields. These control schemes may become useful in the proposed applications discussed above. 
II. COMPUTATION OF BINARY-INTERACTION LEVEL SHIFTS
We use perturbation theory to compute the second-order, binary interaction-induced energy level shifts due to couplings of the type ͗B͉ ͗C͉V Int ͉A͘ ͉A͘, where ͉A͘, ͉B͘, and ͉C͘ are single-particle Rydberg states. Generally, the interaction operator, V Int , can be expanded in multipole terms that scale with increasing negative powers of the interatomic separation, R ͓25-27͔. This paper primarily addresses situations in which the typical Rydberg-atom separation, R, is about an order of magnitude larger than the atom size ͑Refs. ͓12-14,16,17͔͒. In first order, the electric-dipole interaction scales as V Int ϳ n 4 / R 3 . If there is no external electric field applied, the electric-dipole interaction produces level shifts only in second order, because low-angular-momentum Rydberg states of alkali atoms in zero electric field do not have permanent dipole moments. For this case, the level shifts scale as ϳn 11 / ͑sR 6 ͒, where the parameter s is a measure for the magnitude of the energy detunings that occur in secondorder perturbation theory and is of order 0.1 or less ͓5͔. For P and D states, the quadrupole-quadrupole interaction occurs in first order and leads to shifts that scale as ϳn 8 / R 5 . The ratio of the quadrupole-quadrupole interaction to the secondorder dipole-dipole interaction scales as sR / n 3 . For the interatomic separations of interest in this paper ͑R ϳ 10n 2 ͒, this ratio is ϳ1/n. We therefore restrict our calculations to the dipole-dipole interaction, which represents the dominant interaction at the atomic separations of interest. It is noted that in more general cases quadrupolar and higher interactions will also become important ͓25-29͔.
In the case of zero external field, computation of the van der Waals level shifts due to the electric-dipole interaction requires the evaluation of matrix elements of the form ͗nЉ , ᐉЉ , jЉ , m j
where V dd is the potential energy operator for two interacting electric dipoles. The operator V dd is given, in atomic units, by
where the operators p 1 and p 2 denote the individual electricdipole moments, the vector R is the separation between the classical center-of-mass coordinates of the interacting atoms, and n is a unit vector pointing in the direction of R. The geometry of the problem is depicted in Fig. 2 . V dd can be written as
͑2͒
where the first subscript of the p components identifies the atom number, p ± = 1 ͱ 2 ͑x ± iy͒, and p z = z ͑in atomic units͒. The matrix elements of V dd are independent of the azimuthal angle of R. From this expression, we see that calculating two-particle matrix elements of V dd involves evaluating the single-particle matrix elements ͗nЈ , ᐉЈ , jЈ , m j Ј͉p ␣,␤ ͉n , ᐉ , j , m j ͘ where ␣ is the particle number and ␤ ͕+,−,z͖.
In the following, we explain the essential details of the numerical method used to obtain the single-particle radial wave functions, ͑r͒, required to calculate the matrix elements ͗nЈ , ᐉЈ , jЈ , m j Ј͉p ␣,␤ ͉n , ᐉ , j , m j ͘. The radial wave functions are integrated using an algorithm that continuously adjusts the step size such that it is smaller than, but close to, 2 / ṽ divided by a constant, f, where ṽ = ͱ͉2E+2/r−l͑l+1͒/r 2 ͉ ͑in atomic units; E is the singleparticle level energy͒. In the classically allowed region, the step size approximately equals the de Broglie wavelength divided by f. To ensure reliable integration through the classical turning points, where the local wavelength diverges, the step size is limited to a maximal value of d max . For the data presented in this paper, the step size parameters have been set to f = 200 and d max = 1. Since the local wavelength of the Rydberg-electron wave function is very large at locations far away from the core, the step-size adjustment considerably speeds up the integration. The accuracy is consistent because the number of points per wavelength at which the wave function is determined is approximately fixed. 
where p 2 ͑r͒ =2E +2/r − l͑l +1͒ / r 2 . This method allows for continuous changes of the step size r 0 − r m . To estimate the effect of numerical errors in the wave-function calculations on the van der Waals level shifts, we have performed testcalculations with finer step sizes ͑parameters f = 400 and d max = 0.3͒. Based on the results, the numerical errors of the van der Waals level shifts presented here are estimated at about 1% or less.
To calculate van der Waals energy level shifts due to V dd in zero external electric field, we sum the level shifts due to many perturbing channels in second-order perturbation theory using the calculated matrix elements of V dd . Explicitly, the van der Waals shift of the two-particle state 2 ϫ ͉n , ᐉ , j , m j ͘ is given by the sum
where
To reduce the amount of data in the calculation, we only include two-particle couplings with ͉͗¯͉V dd ͉¯͉͘ Ͼ 10 −4 n *4 / R 3 , where n
the effective principal quantum number. It is noted that all elements of V dd are calculated before the small ones are discarded. Furthermore, in the sum in Eq. ͑3͒ we only include terms with ͉⌬ ͉ Ͻ 100 GHz. We have confirmed in test calculations with unlimited ͉⌬͉, which have included all couplings as small as ͉͗¯͉V dd ͉¯͉͘ Ͼ 10 −6 n *4 / R 3 , that the described limitation of the sum in Eq. ͑3͒ does not change the calculated van der Waals shifts by more than about 1%. By restricting the sum in the described way, we find that typically of the order of hundreds of two-particle states ͉nЈ , ᐉЈ , jЈ , m j Ј͘ ͉nЉ , ᐉЉ , jЉ , m j Љ͘ still contribute, although the dominant contributions usually come from only 5 to 10 twoparticle states, with one or two of those often accounting for 70%Ϫ90% of the level shift. In our calculations, we have included single-particle basis states with principal quantum numbers over a restricted n-range and have verified that the inclusion of more bound states does not noticeably change the results. We have not included continuum states in our calculation. Continuum states are important in calculations of van der Waals shifts of atomic ground states or low-lying states, where in the sum in Eq. ͑3͒ there are no near-resonant terms with very small ⌬. For instance, for basic estimates of ground-state level shifts, one may approximate all energy denominators by the ionization energy and use a closure relation to compute the sum in Eq. ͑3͒ ͓30͔. The closure relation incorporates all continuum states. In contrast, for Rydberg-atom pairs the energy denominators in Eq. ͑3͒ vary from tens of MHz for the nearresonant two-particle states to about 10 15 Hz for two-particle states near the ground state, leading to an enormous variation in the significance of terms. Typically, there are several nearresonant terms, and it is found that those dominate the van der Waals shifts of Rydberg atoms. We believe that due to this resonant behavior the introduction of continuum states will not make a significant difference.
In Sec. III we calculate the energy shifts, ⌬W ͑2͒ , as a function of the quantum numbers and the angle of the interacting Rydberg atoms ͑see Fig. 2͒ in the absence of an applied external electric field.
In cases where an external electric field is applied, the field-free eigenstates, ͉n , ᐉ , j , m j ͘, are no longer eigenstates of the single-atom Hamiltonian. Therefore, to proceed with a perturbative calculation of the binary interaction energies, we first calculate the single-atom eigenstates of the Hamiltonian H = H at + Ez, where H at is the field-free, single-atom Hamiltonian and E = Eẑ is the applied electric field. We label the single-atom eigenstates as ͉ , m j ͘, where is an index which uniquely identifies each Stark state of a given m j .
If two Rydberg atoms interact in the presence of an applied electric field, both first-and second-order interaction energies occur. Since the Stark eigenstates are not states of definite parity, the diagonal single-atom matrix elements ͗ , m j ͉p ␣,z ͉ , m j ͘ of the dipole operator are nonzero. This leads to a first-order dipole-dipole interaction energy of the type
If the Stark eigenstates have large permanent electric dipole moments, ͗ , m j ͉p ␣,z ͉ , m j ͘, the level shift in Eq. ͑4͒ dominates, as discussed in Sec. V A. In another scheme, the electric field may be used to tune two distinct two-particle states ͉ , m j ͘ ͉ , m j ͘ and
. These resonances are referred to as Förster resonances. In the case of a Förster resonance, diagonalization of the two-particle Hamiltonian within the subspace of degenerate two-particle states leads to mixed eigenstates with first-order dipole-dipole energy level shifts of
which can dominate all other level shifts, as discussed in detail in Sec. V B.
In cases where the Stark eigenstates have negligible permanent dipole moments and there are no electric-fieldinduced Förster resonances, there still exists a second-order van der Waals interaction of the type
which may lead to significant level shifts. As an example, in Sec. V C we examine the van der Waals level shifts of a specific two-particle state as a function of and E.
III. LEVEL SHIFTS IN ZERO ELECTRIC FIELD

A. Rb nD 5/2 Rydberg states
In many experiments, Rydberg excitations are created via a two-step process from a ground S state to S 1/2 , D 3/2 , and D 5/2 Rydberg states, through an intermediate P state. Since the transitions into D 5/2 states have the highest oscillator strength, these states are often studied experimentally ͓14,20,24͔. Thus, we first investigate the binary interactioninduced energy level shifts for nD 5/2 Rydberg states of Rb in zero applied electric field.
In Fig. 3 , we present scaled binary energy level shifts of 2 ϫ ͉nD 5/2 , m j ͘ states as a function of n at =0 ͑a͒ and as a function of at n =60 ͑b͒. The scaled level shifts are defined by
with ⌬W ͑2͒ ͑n , ᐉ , j , m j , R , ͒ given in Eq. ͑3͒. Due to the scaling, the scaled shift ⌬W ͑2͒ does not depend on R. In Fig. 3͑a͒ , we can distinguish between regions of qualitatively different behavior. In the ranges n տ 50 and n Շ 35, the scaled energy shift is roughly a constant function of n for any given m j , while in the range 35Շ n Շ 50 it is characterized by a prominent dispersive feature. These differences can be attributed to the number of relevant channels in Eq. ͑3͒ and their dependence on n.
In the ranges n տ 50 and n Շ 35, the channel,
dominates all other channels in the sum in Eq. ͑3͒ and accounts for roughly 70%Ϫ80% of the total energy shift. The product-state sum indices m j Ј and m j Љ of Eq. ͑3͒ are omitted in the channel notation used in Eq. ͑8͒. In many cases the channel in Eq. ͑8͒ has multiple subchannels that correspond to different dipole-allowed combinations of m j Ј and m j Љ. The allowed subchannels have fairly large coupling strengths ͉͗¯͉V dd ͉¯͉͘ ϳ 1n *4 / R 3 , where the numerical prefactor "1" depends somewhat on and on the m j values. However, the allowed subchannels also have large energy denominators ͓⌬Ϸ1 GHzϫ ͑ 58 n * ͒ 3 ͔, which limit the magnitude of the resultant second-order shift. Because of the n *4 / R 3 scaling of the couplings and the 1 / n *3 scaling of ⌬, the contribution to the second-order shift due to this strong, highly detuned channel scales as n *11 / R 6 . Since in the ranges n տ 50 and n Շ 35 this contribution dominates, the scaled shifts ⌬W ͑2͒ are approximately constant, as observed in Fig. 3 .
In the range 35Շ n Շ 50, a different, nearly resonant channel significantly contributes to the perturbative sum and interrupts the n *11 / R 6 scaling of the energy shifts. This channel,
has a coupling strength ͉͗¯͉V dd ͉¯͉͘ ϳ 0.36n *4 / R 3 in the vicinity of n = 43 and a small, nearly resonant energy denomiPrincipal Quantum Number nator of ⌬ Ϸ 71͑n * − 41.6͒ MHz, i.e., the energy denominator undergoes a zero crossing between n = 42 and 43. In the vicinity of n = 43, the scaled level shift of the state 2 ϫ ͉nD 5/2 , m j =5/2͘ due to the channels in Eqs. ͑8͒ and ͑9͒ approximately follows, for =0,
in the same units as in Fig. 3 . In the range 40ഛ n ഛ 47, the level shift due to the near-resonant channel ͓Eq. ͑9͒ and second term in Eq. ͑10͔͒ is greater than that due to the offresonant channel ͓Eq. ͑8͒ and first term in Eq. ͑10͔͒. Since these two terms have different n dependencies, the total shift does not follow a simple scaling law in this n range. The scaled level shifts in Fig. 3 are obtained perturbatively, and therefore care must be taken when interpreting and using them. For any given n and R, one may determine the absolute van der Waals level shift ͑in atomic units͒ from Fig. 3 by multiplying the scaled shift with n *11 / R 6 . However, the result is only valid if, for the significant terms in the sum in Eq. ͑3͒, the coupling strengths ͉͗¯͉V dd ͉¯͉͘ are smaller than their energy denominators ⌬. Generally, for each twoparticle Rydberg state 2 ϫ ͉n , ᐉ , j , m j ͘ a critical radius R c exists such that the perturbative method is valid for R Ͼ R c . Analogous considerations apply to Figs. 4-6.
The n dependence of the energy shifts depicted in Fig.  3͑a͒ offers possible methods to control the Rydberg blockade. For excitation into 2 ϫ ͉nD 5/2 , m j =5/2͘ states by a laser of reasonably small bandwidth ͑often a few MHz͒ and typical Rydberg atom separations ͑several m in most atom traps͒, one would expect the blockade to begin to manifest itself at n ϳ 50, where the energy shift roughly equals the laser linewidth. Since for n տ 50 the shifts grow smoothly as n *11
, the blockade should rapidly become more effective as n is increased. In the range n Շ 50, the shifts will generally be too small to cause an observable blockade effect, except in the immediate vicinity of n = 43, where the resonance in Eq. ͑9͒ causes appreciable energy level shifts.
The scaled level shifts of the two-particle states 2 ϫ ͉60D 5/2 , m j ͘ as a function of are shown in Fig. 3͑b͒ . Analogous curves for different 2 ϫ ͉nD 5/2 , m j ͘ states can approximately be obtained by multiplying the curves shown in Fig. 3͑b͒ by the ratios
which follow from the data shown in Fig. 3͑a͒ . The similarity among the curves ⌬W ͑2͒ ͑n , l =2, j =5/2,m j , ͒ vs for dif- ferent n relies on the fact that the dominant channels, Eqs. ͑8͒ and ͑9͒, have the same angular-momentum quantum numbers.
B. Other low-angular-momentum Rb Rydberg states
In this section we examine the scaled energy level shifts, ⌬W ͑2͒ , as a function of n and for excitation into nD 3/2 , nP 3/2 , nP 1/2 , and nS 1/2 Rydberg states. In parts ͑a͒ of Figs. 4-6, we plot the scaled level shifts as a function of n for specific values which yield large level shifts ͑ =0 or /2͒. In parts ͑b͒ of Figs. 4-6, we plot the scaled level shifts as a function of at fixed n = 60. In the following, we discuss some qualitative features of these plots.
The scaled energy level shifts of the states 2 ϫ ͉nD 3/2 , m j ͘, shown in Fig. 4͑a͒ , exhibit a behavior similar to that of the states 2 ϫ ͉nD 5/2 , m j ͘, except that two interaction channels, 2 ϫ nD 3/2 → ͑n −2͒F 5/2 + ͑n +2͒P 3/2 and 2 ϫ nD 3/2 → ͑n −2͒F 5/2 + ͑n +2͒P 1/2 , become nearly resonant at n = 39 and n = 58, respectively. The resonances manifest themselves as dispersive-shaped features. The resonance centered at n = 39 is weaker than the one at n = 58 due to a smaller coupling strength, ͉͗¯͉V dd ͉¯͉͘. Away from these two resonances, the scaled shift varies little with n because an off-resonant channel with large coupling strength, 2 ϫ nD 3/2 → ͑n −1͒F 5/2 + ͑n +1͒P 1/2 , is responsible for the majority ͑տ60% ͒ of the level shift. The dependence of the scaled level shifts of 2 ϫ ͉nD 3/2 , m j ͘ on , shown in Fig. 4͑b͒ , resembles that of 2 ϫ ͉nD 5/2 , m j ͘, shown in Fig. 3͑b͒ . In both cases, the level shifts are always negative and only moderately sensitive to . The considerable difference in the respective magnitudes of the level shifts is due to the fact that the case n = 60 happens to be quite close to a resonance in Fig. 4͑a͒ but not in Fig. 3͑a͒ . Figure 5͑a͒ shows ⌬W ͑2͒ as a function of n for excitation into 2 ϫ ͉nP 3/2 , m j ͘ states, which exhibits a dispersive-shaped feature centered at n = 38 that has about the same width as that in Fig. 3͑a͒ . The energy detuning, ⌬, of the responsible near-resonant channel, 2 ϫ nP 3/2 → nS 1/2 + ͑n +1͒S 1/2 , varies about as rapidly with n as that of the channel in Eq. ͑9͒, while the coupling strength, ͉͗¯͉V dd ͉¯͉͘, is a factor of 2 larger. The channel 2 ϫ nP 3/2 → nS 1/2 + ͑n +1͒S 1/2 accounts for greater than 90% of the level shifts of 2 ϫ ͉nP 3/2 , m j ͘ states over the whole n-range displayed in Fig. 5͑a͒ , and no other off-resonant channel contributes significantly. Far away from resonance, the energy detuning of this channel tends to scale as n *−3 , leading to scaled energy shifts that are approximately constant as a function of n. As seen in Fig. 5͑b͒ , the dependence of the shifts for the 2 ϫ ͉60P 3/2 , m j =1/2͘ states resembles that for the 60D 5/2 and 60D 3/2 states. The shifts for the 2 ϫ ͉60P 3/2 , m j =3/2͘ states, however, have a strong variation that appears to be ϰsin 2 . This is because for m j =3/2 the product states of the transition 2 ϫ nP 3/2 → nS 1/2 + ͑n +1͒S 1/2 must have m j Ј= m j Љ=1/2, leaving only the p 1− p 2− sin 2 term in Eq. ͑2͒. Other weakly contributing channels cause slight deviations from a pure sin 2 dependence and cause the level shifts to vanish and to change signs at Ϸ 0.43 and 2.71 rad.
The scaled level shifts as a function of n for excitation into 2 ϫ ͉nP 1/2 , m j =1/2͘ states, shown in the lower curve of Fig. 6͑a͒ , are relatively small and negative. In the displayed n range, the level shifts vary only moderately with n. The channel 2 ϫ nP 1/2 → nS 1/2 + ͑n +1͒S 1/2 is responsible for ജ90% of the shifts. Neither this channel nor any other significant channel becomes resonant at any n in the displayed range. The dependence of the scaled level shifts of the state 2 ϫ ͉60P 1/2 , m j =1/2͘, shown in Fig. 6͑b͒ , resembles that of the state 2 ϫ ͉60P 3/2 , m j =3/2͘ ͑but the shifts of 2 ϫ ͉60P 1/2 , m j =1/2͘ are about 10 times less than those of 2 ϫ ͉60P 3/2 , m j =3/2͒͘. This indicates that for the shifts of 2 ϫ ͉nP 1/2 , m j =1/2͘ the term p 1− p 2− sin 2 in Eq. ͑2͒ also is dominant; we have confirmed that this is the case by inspecting the relative magnitudes of the dipole-allowed terms.
The scaled level shifts of the states 2 ϫ ͉nS 1/2 , m j =1/2͘, shown in Figs. 6͑a͒ and 6͑b͒, are qualitatively different from all other cases discussed in this paper in that they are large and positive for all n and . Four channels of the type 2 ϫ nS 1/2 → nP j Ј + ͑n −1͒P j Љ account for most of the level shift in the displayed region, where jЈ , jЉ =1/2 or 3/2. None of the channels becomes resonant at any n in the displayed range. The level shifts of the states 2 ϫ ͉nS 1/2 , m j =1/2͘ are almost entirely independent of , reflecting the spherical Principal Quantum Number symmetry of s-state wave functions. ͑The shifts are not entirely spherically symmetric because of spin orientation effects and fine-structure coupling.͒ In all cases discussed so far, the detailed values of the infinite-separation energy defect, ⌬, depend sensitively on the accuracy and precision of quantum defects used in the calculations. We have used quantum defects for Rb from Ref. 
C. Applications of the level-shift calculations
Figures 3-6 enable one to choose Rydberg states with properties that are appropriate for specific applications. For example, in quantum-information-processing applications, states with level shifts that are large and relatively insensitive to variations in and magnetic quantum numbers are desirable. If Rydberg states with these interaction properties are used, experimental variations in angle and polarization will not translate into excessive gate inefficiencies. Inspecting Figs. 3-6 it is seen that large shifts may be obtained by choosing a principal quantum number near an interaction resonance, e.g., near n = 58 for excitation into D 3/2 states. Another way to achieve large shifts is to exploit the generic van der Waals scaling ͑absolute shift ϰn *11 for sufficiently large atom-atom separation͒, which in almost all cases studied leads to large shifts for n տ 70 ͑except for the P 1/2 states͒. The requirement of low sensitivity of the level shifts to variations in and magnetic quantum numbers excludes P 3/2 and P 1/2 states. Rydberg atoms in nS 1/2 states appear to be particularly attractive candidates, because their energy shifts are large, near-isotropic, and positive, leading to mutual repulsion between atoms and therefore inhibition of ionizing interactions triggered by attractive forces between atoms ͓5͔.
Figures 3-6 can also be used to select Rb Rydberg states in applications of dense Rydberg-atom gases and cold plasmas. In cases where state-changing and ionizing collisions between atoms are not desired, one looks for positive energy level shifts with weak dependence on magnetic quantum numbers and . These properties lead to repulsive forces between atoms that inhibit close, inelastic collisions. Among the cases studied, all nS 1/2 states and nD states in limited, small ranges of n ͑n = 41-43 for D 5/2 and n = 55-57 for D 3/2 ͒ meet these requirements. Alternatively, one may accelerate the onset of collision-induced effects by choosing states with negative, large, and resonantly enhanced shifts, e.g., nD 5/2 with n Ϸ 44, nD 3/2 with n Ϸ 59, or nP 3/2 with n Ϸ 40. A dense cloud of Rydberg atoms initially prepared in one of these states will exhibit a high initial rate of atom-atom collisions triggered by attractive forces between the atoms, leading to rapid ionization and accelerated transition of the cloud into a cold plasma.
One may anticipate applications in which the magnitude and the polar angle, , of the relative vector, R, between the interacting Rydberg atoms can be controlled using optical lattices or other types of miniature atom traps. In such cases, one may choose states whose level shifts depend strongly on , such as the states 2 ϫ ͉nP 3/2 , m j =3/2͘. In this scenario, the interaction strength between the atoms can be controlled by controlling .
IV. RELEVANCE TO A RYDBERG-BLOCKADE EXPERIMENT
Recently, the effectiveness of the Rydberg blockade for 85 Rb nD 5/2 atoms in an electric-field-free environment has been measured as a function of principal quantum number using the counting statistics of detected Rydberg atoms ͓14͔.
In this section, we use the results obtained in Sec. III A to explain important trends observed in this experiment. Due to the finite range of Rydberg-Rydberg interactions, if an atomic ensemble is uniformly excited into Rydberg states and a Rydberg blockade is effective, the excitation volume will break up into regions within which, ideally, only a single Rydberg excitation can be present. These regions have a volume V se that corresponds to the volume over which the autocorrelation function of Rydberg excitations in the manybody system is approximately zero ͓16͔. Exploiting the rules of quantum measurement, this autocorrelation function can, in principle, be profiled in an experiment in which the delocalized Rydberg excitations present in the sample are projected onto individual atoms and detected with high spatial resolution. This measurement can be accomplished by electric-field ionization of the Rydberg atoms and detection of the liberated electrons with a position-sensitive microchannel plate detector. In the measurement result, each detected, localized Rydberg excitation is surrounded by a "bubble" of volume V se within which no other Rydberg excitation can be detected. In Fig. 7 , two single-excitation volumes are indicated as gray "bubbles." Qualitatively, the radius of these regions is given by the distance R se at which the interaction potential of interacting Rydberg atoms equals h times the laser linewidth. If the volume V se is large enough to contain a significant number of ground-state atoms, then the number of Rydberg excitations in the system is approximately constant and given by the excitation volume divided by V se / 8. There, the factor 1 / 8 is due to the fact that, in a three-dimensional configuration, of order eight singleexcitation regions may overlap each other. If the Rydberg The Mandel Q-parameter, used to characterize the width of statistical distributions, is defined as the variance in the distribution divided by the mean number of counts, minus
͗N e ͘ −1 ͓31͔. For a given distribution of Rydberg counts, the closer Q is to −1, the more sub-Poissonian the distribution and the more effective the blockade. For uncorrelated, unblockaded excitation in real systems, one would expect to obtain Poissonian counting statistics ͑Q ϳ 0͒. The Q-value provides a quantitative measure for blockade effectiveness that is particularly well suited for small atomic samples with few Rydberg excitations. The Q value can be used to quantify the effect of parameters such as atom density, laser detuning, and Rydberg-state quantum numbers on the blockade. In Fig. 8 , the data points ͑refer-enced to the left y axis͒ represent Q values measured for excitation into nD 5/2 states as a function of principal quantum number. The calculations of the energy level shifts presented in this paper provide considerable insight into the experimental data presented in Fig. 8 . First, since the experiments were performed on ensembles of randomly placed atoms, they did not show how the energy shifts of D 5/2 states depend on the angle . The theoretical results presented in Fig. 3͑b͒ reveal that the scaled shifts are large in magnitude for all , never change sign, and do not vary by more than a factor of 2 as a function of . The robustness of the level shifts against experimental variations is consistent with the observation of a blockade effect in Fig. 8 .
Second, the results of Sec. III A also explain why the Q-values exhibit a smooth transition from Q ϳ 1 at low n to Q ϳ 0 at high n. Any strong resonance of the type apparent in Figs. 3-5 would lead to an enhancement of the energy level shifts and, therefore, to a dip in the Q-value centered at the principal quantum number at which the resonance occurs. The scaled van der Waals level shifts in Fig. 3͑a͒ reveal that over the range studied experimentally, 54ഛ n ഛ 88 ͓14͔, there is no resonant channel for nD 5/2 states, and consequently the energy shifts scale smoothly with n as n *11
. This translates into a smooth increase of the blockade effectiveness and a smooth decrease of the Q-value with increasing n.
This smooth scaling is further illustrated by examining how many atoms are in the single-excitation volume, V se , as a function of n. The volume V se can be estimated by
where R se ͑n , ͒ is the radial coordinate of the surface at a given n and polar angle at which the energy level shift equals the laser linewidth ͑5 MHz in the experiment͒. We determine R se ͑n , ͒ by solving
for R, where ⌬W ͑2͒ is given in Eq. ͑3͒. Due to the anisotropy of the Rydberg-Rydberg interaction, the single-excitation volume will, in general, not be spherical, as indicated by the elliptical shapes in Fig. 8 . To model the experiment in Ref.
͓14͔, in our calculation we use l =2, j =5/2, and m j =5/2 in the expression for ⌬W ͑2͒ . To estimate the number of all atoms N se in V se as a function of n, we multiply the values of V se ͑n͒ obtained from Eq. ͑11͒ by the ground-state atom density ͑5 ϫ 10 9 cm −3 in Ref.
͓14͔͒. Both ground state and Rydberg atoms are included in N se , and the number of atoms in the sample per Rydberg excitation created is approximately given by N se /8 ͑the factor 1 / 8 is due to the fact that of order eight single-excitation regions may overlap each other͒. The results for N se are shown as the solid line in Fig. 8 ͑refer-enced to the right-hand y axis͒. At n Ϸ 55, where the Rydberg-atom counting distribution has a Q ϳ 1, N se ϳ 2. This value is too low to ensure the creation of one Rydberg excitation in each single-excitation region. The resultant uncertainty in the overall number of Rydberg excitations in the whole atomic sample, together with technical noise, results in Rydberg-atom counting distributions with Q ϳ 1, as observed experimentally for n Շ 55. For n տ 75, where the Q values saturate at about 0, N se varies from approximately 10 to 26. This range is sufficiently high to ensure the creation of a Rydberg excitation in each single-excitation region. It should be noted that our estimates of N se depend sensitively on the assumed ground-state atom density ͑5 ϫ 10 9 cm −3 ͒ and the assumed laser linewidth ͑5 MHz͒ in the experiment. Since the assumed values represent conservative estimates, we believe that the actual values of N se are considerably larger than the ones shown in Fig. 8 .
In the following we comment on the values of the measured Mandel Q parameter displayed in 8. At low n, where the blockade is not expected to be effective, we observe Q ϳ 1, indicative of super-Poissonian distributions. At high n, where the blockade is expected to be effective, we observe Q ϳ 0, indicative of narrower but not quite sub-Poissonian distributions ͓37͔. Evidently, at low n technical noise ͑e.g., super-Poissonian shot-to-shot fluctuations of the ground-state atom number and variations in the single-atom excitation efficiency͒ causes the statistics to be super-Poissonian ͑Q ϳ 1͒. At large n, the Rydberg excitation number distributions are significantly narrowed by the blockade effect, causing the Q value to decrease from 1 to about 0. In the absence of technical noise, one would expect Q ϳ 0 at low n and substantially negative at high n ͓16,17͔. The trends in the function Q vs n are, however, unaffected by technical noise. Regardless of the level of technical noise, the blockade causes a significant reduction in the value of Q.
V. LEVEL SHIFTS IN EXTERNAL ELECTRIC FIELDS
In Sec. IV we have seen that the strength of binary interactions between Rydberg atoms can be varied using static parameters of the system, such as the quantum numbers of the Rydberg level excited. Applications of the Rydbergexcitation blockade, e.g., in quantum information processing, may benefit from dynamic control methods that enable reproducible, rapid, and real-time variations of the interaction strength. An external electric field applied to the atoms is a readily accessible dynamic control parameter. In this section, we discuss level shifts due to binary Rydberg-Rydberg interactions in external electric fields. In one scheme, discussed in Sec. V A, a fairly strong electric field is applied so that the Rydberg states have large permanent dipole moments, leading to large first-order energy shifts that can be calculated according to Eq. ͑4͒. In an alternative interaction scheme discussed in Sec. V B, a weak electric field is applied in order to tune a well-defined interaction channel of the type
Љ͘ into resonance. In the case of exact resonance, the resultant shifts are first order and can be calculated using Eq. ͑5͒. In cases where an electric field is applied but there is no resonant, first-order shift, there are usually still significant second-order, van der Waals shifts, which are given by Eq. ͑6͒ and discussed in Sec. V C.
A. Permanent-dipole interactions
The permanent dipole moment of a Rydberg state with energy W͑E͒ in an electric field E is given by the slope, −dW͑E͒ / dE. Therefore, large permanent-dipole interactions are achieved by exciting atoms into Rydberg levels with large slopes in the Stark map. An example of a Stark map for Rb in the vicinity of the 45D state is shown in Fig. 9͑a͒ . Since in lowest order the energy shifts of the states with linear Stark effect have an upper limit of 3 2 En 2 , the magnitude of the permanent dipole moment is limited by p = 3 2 n 2 . Following Eq. ͑1͒, the magnitude of the dipole-dipole interaction energy is then limited by 4.5n 4 / R 3 ͑for =0͒, which for n = 45 and R =5 m exceeds 100 MHz.
In addition to large dipole moments, the utilized Rydberg levels must also have sufficient low-angular-momentum ͑low-ᐉ͒ character so that selection rules allow for efficient laser excitation from low-lying atomic states. Stark states with maximal dipole moment do not satisfy this requirement. Stark states with both large permanent dipole moment and reasonably high oscillator strength from low-lying atomic states are found in the intersection region between low-ᐉ and linear Stark states, as indicated by the circle in Fig. 9͑a͒ . For a discussion of the tradeoff between electric dipole moment and oscillator strength see Ref. ͓32͔.
Inspecting Eq. ͑2͒ and noting that the diagonal matrix element ͗ , m j ͉ ͗ , m j ͉V dd ͉ , m j ͘ ͉ , m j ͘ does not couple different m manifolds, it is immediately apparent that the permanent-dipole shift ⌬W ͑1͒ = p z 2 ͑1−3 cos 2 ͒ / R 3 , where p z =−͗ , m j ͉z͉ , m j ͘. In Fig. 9͑b͒ we show the permanentdipole shift at = 0 of the two-particle state that converges into 2 ϫ ͉45D 5/2 , m j =1/2͘ for E → 0 ͓bold line in Fig. 9͑a͔͒ . In the electric-field range E Շ 7 V / cm, the shift is small while the oscillator strength from low-lying P states is large. In the range 7 Շ E Շ 9 V / cm, the shift increases and reaches Ϸ90% of the limiting value −4.5n *4 / R 3 mentioned above, while the oscillator strength from low-lying P-states rapidly drops, as shown in Fig. 9͑c͒ . At an electric field of E Ϸ 8 V / cm we find both reasonably large permanent-dipole shifts and oscillator strengths. The oscillations seen in Fig.  9͑b͒ for fields E տ 11 V / cm reflect corresponding oscillations of the slope ͑ϭdipole moment͒ of the investigated level-the bold line in Fig. 9͑a͒ -in the n-mixing regime.
Generally, it should be possible to employ the electricfield dependence of permanent-dipole Rydberg-Rydberg interactions to enable and disable the Rydberg blockade in a controlled manner. Since this interaction is ϰ͓1−3 cos 2 ͔͑͒, The energy W is relative to the ionization potential. Levels with large permanent electric dipole moment and large oscillator strength from the lowlying P states are found within the dashed circle. The bold level identifies the state that converges to ͉45D 5/2 , m j =1/2͘ at E =0. ͑b͒ Level shift ⌬W ͑1͒ due to permanent-electric-dipole interaction of the two-atom state that converges to 2 ϫ ͉45D 5/2 , m j =1/2͘ at zero field vs E for R =5 m and =0. ͑c͒ Oscillator strength for excitation from the ͉5P 3/2 , m j =1/2͘ state into the state that converges to ͉45D 5/2 , m j =1/2͘ at E =0.
it is strongly dependent on and vanishes at = 55°. In experiments one may be able to avoid the angle = 55°through the use of an optical lattice or an appropriately configured system of miniature atom traps.
B. Förster-resonance interactions
A second method for achieving large interaction energies is to tune Rydberg-Rydberg collisional interactions, such as the ones described in Sec. III, into exact resonance via the application of a relatively weak external electric field ͓8,15,33͔, thereby inducing a Förster resonance. For sufficiently large atom-atom distance, the resultant resonant shift dominates any other van der Waals shifts that may also be present. As an example, we consider the channel 2 ϫ nD 5/2 → ͑n −2͒F + ͑n +2͒P 3/2 . The electric fields required to tune these interactions into exact resonance are too small to change the angular-momentum-character of the involved P and D states and to break their fine-structure coupling, as illustrated in the example shown in Fig. 10 ͑upper two panels͒. As a result, in weak electric fields the P and D states are not significantly perturbed, and we may use electric-fieldfree quantum numbers ͑ᐉ, j, and m j ͒ to identify those states. However, the very small fine structure of the involved F state is broken in the electric-field range of interest, as is apparent in the bottom panel of Fig. 10 . Therefore, we label the F states by magnetic quantum numbers for electron spin and orbital angular momentum, m s and m, respectively. ͑In some cases, even the orbital-angular-momentum character of the involved F state becomes significantly perturbed.͒
The detailed coupling scheme of the Förster resonances 2 ϫ nD 5/2 → ͑n −2͒F + ͑n +2͒P 3/2 is most transparent for the case that the initially excited two-atom state is 2 ϫ ͉nD 5/2 , m j =5/2͘. In this case, the operator in Eq. ͑2͒ allows only the three couplings In zero electric field, these couplings have infinite-separation energy defects with magnitudes ranging from 0 to ϳ 400 MHz for 40ഛ n ഛ 60, as shown in Fig. 11͑a͒ . In the range n ജ 44 they can be tuned into resonance by application of electric fields of up to about 0.4 V / cm, which tune the infinite-separation energy defects downward toward negative values. The tuning largely occurs through the Stark shifts of the F levels, which have, due to their small quantum defect, the largest electric polarizabilities among the involved states ͓␣ Ϸ −2.1 GHz/ ͑V/cm͒ 2 , −1.7 GHz/ ͑V/cm͒ 2 , and −1. 11 . ͑a͒ Infinite-separation energy defects, ⌬, of the channel 2 ϫ nD 5/2 → ͑n −2͒F + ͑n +2͒P 3/2 vs n. ͑b͒ Electric fields, E Res,m at which the magnetic subchannels identified in Eq. ͑12͒ become resonant. ͑c͒ Scaled reduced coupling strengths, m / n *4 , m ͕1,2,3͖, of the channels in panel ͑b͒ vs n.
Since the polarizabilities depend on m, the couplings in Eq. ͑12͒ come into resonance at slightly different electric fields, as shown in Fig. 11͑b͒ . Inspecting Eq. ͑2͒ it is seen that the coupling strengths follow angular and radial dependencies − Fig. 11͑c͒ we show the reduced coupling strengths scaled by n *4 at the resonant electric fields as a function of n. In the range 44ഛ n Շ 48, the scaled values are fairly constant, reflecting the fact that in this range of n the F states ͉͑n −2͒F , m s =1/2,m͘ with m =1,2,3 are mostly unperturbed. For n տ 49 the state ͉͑n −2͒F , m s =1/2,m =3͘ becomes increasingly mixed with high-ᐉ hydrogenic states, leading to a spread of F character over multiple states and, therefore, to an abrupt drop of the value of the strongest resonance ͑ 3 ͒. The resonances involving ͉͑n −2͒F , m s =1/2,m =2͘ and ͉͑n −2͒F , m s =1/2,m =1͘ exhibit similar reductions in strength at somewhat higher values of n.
If one of the subchannels in Eq. ͑12͒ is exactly resonant, the resultant level shifts of the two-atom states are first-order and are given by the coupling strength of the resonant channel ͓see Eq. ͑5͔͒. The two-particle states that correspond to the two eigenvalues in Eq. ͑5͒ are given by the symmetric and antisymmetric combinations of 2 ϫ ͉nD 5/2 , m j =5/2͘ and ͉͑n −2͒F , m s =1/2,m͘ ͉͑n +2͒P 3/2 , m j =3/2͘. For instance, at n = 45, R =5 m, = 0, and E = 0.36 V / cm the resonance for m = 3 generates two such superposition states at energy separations of about ±18 MHz from the interaction-free energy. In comparison, the van der Waals shift of the state 2 ϫ ͉45D 5/2 , m j =5/2͘ at E = 0 would only be of the order of 1 MHz. Therefore, strong binary Rydberg-Rydberg interactions may be turned on and off by rapidly tuning interactions of the type in Eq. ͑12͒ into and out of resonance by switching weak electric fields. Similar to the permanent-dipole interactions studied in Sec. V A, the Förster-resonance interactions also strongly depend on the angle for a given interaction channel. The dependence renders the interactions ineffective along certain angles.
C. van der Waals shifts in electric fields
The channels identified in Eq. ͑12͒ cause some shifts even if the electric field E does not induce an exact Förster resonance. For sufficiently large separation R, these level shifts can be calculated in second order, as a function of and E, using Eq. ͑6͒. As an example, in Fig. 12 we plot the level shift of the state 2 ϫ ͉45D 5/2 , m j =5/2͘ as a function of E and . In the range E Շ 0.25 V / cm, the van der Waals shifts are always negative and have a weak dependence on . The interaction channels in Eq. ͑12͒ generate prominent resonant features that follow angular patterns proportional to ͓ 1 3 2 sin 2 ͔͑͒ 2 near 0.255 V / cm, ϰ͓ 2 3 ͱ 2 sin͑͒cos͔͑͒ 2 near 0.283 V / cm, and ϰ͕ 3 ͓1− 3 2 sin 2 ͔͖͑͒ 2 near 0.359 V / cm. ͓Note that these expressions correspond to the squares of the angular dependencies mentioned in the paragraph after Eq. ͑12͒.͔ For electric fields just below a resonance, the shifts are negative, because the energy defect, ⌬, of the nearest-resonant term is Ͼ0. For electric fields just above a resonance, the shifts tend to be positive, because the energy defect, ⌬, of the nearest-resonant term is Ͻ0. In between resonances, the sign of the second-order shift varies as a function of due to the competing effects of two nearby resonances with different angular profiles, one producing positive and the other producing negative second-order shifts.
We have investigated in great detail other Förster resonances as well. The resonances of the states 2 ϫ ͉nD 5/2 , m j =3/2͘ and 2 ϫ ͉nD 5/2 , m j =1/2͘ are qualitatively similar to those of the states 2 ϫ ͉nD 5/2 , m j =5/2͘ discussed here, but have more than three allowed angular-momentum subchannels ͑up to eight͒ and occur at somewhat different electric fields. Many more Förster resonances occur at fields larger than the ones displayed in Fig. 12 . However, due to the increasingly complicated underlying Stark maps, these higherfield Förster resonances follow rather erratic patterns and are usually weak. Therefore, any experimental applications of Förster resonances will likely employ simple cases, such as the ones discussed in this section.
D. Experimental considerations
The control of binary interactions in Rydberg blockade experiments using electric fields of the magnitudes discussed in Sec. V A requires a high degree of temporal and spatial field stability. Variations of Stark shifts due to field instabilities should be less than the laser linewidth ͑which, in order to observe blockade effects, must be smaller than the binary interaction under investigation͒. For excitation bandwidth ␦, the temporal electric-field variation, ␦E, should satisfy p␦E Շ h␦. For ␦ = 5 MHz, excitation of atoms into 45D states, and assuming a dipole moment p near the upper limit, p = 3 2 n 2 , we estimate a required temporal field stability ␦E Շ 0.0015 V / cm. Furthermore, spatial Stark-shift variations over the range of the excitation blockade and the diameter of the excitation region should both be Շh␦. For ␦ = 5 MHz and 45D states, the resultant limitation for the electric-field inhomogeneity is ͉١E͉ Շ 1 V/cm 2 . While these requirements on temporal and spatial field stability do not pose enormous experimental problems, they are stringent enough that they must be taken into account in the design of Rydbergblockade experiments.
VI. CONCLUSION
We have calculated the van der Waals level shifts, V Int , of pairs of interacting Rb Rydberg atoms in zero applied field for different quantum numbers n, ᐉ, j and m j , taking into account a large number of perturbing states. We have identified states with interaction properties favorable for several applications, including quantum information processing and collision studies in cold Rydberg-atom gases. The calculations were used to analyze data obtained in a recent experiment on the Rydberg blockade. We have also calculated the energy level shifts of Rb Rydberg states for optical excitation in the presence of an applied electric field. We have discussed the calculations in the context of possible schemes which could be used for electric-field control of the blockade. In the future, we also plan to include higher-order multipole interactions in our level shift calculations.
This work suggests several future avenues for experimental research on the Rydberg blockade and on systems of interacting Rydberg atoms in general. We plan to compare the dependence of the Mandel Q-parameter of Rydberg excitation distributions on n for several different types of quantum states ͑nD 5/2 , nD 3/2 , and nS 1/2 states͒. Thereby, the effects of the near-resonant interaction channels 2 ϫ 43D 5/2 → 41F 7/2 +45P 3/2 and 2 ϫ 58D 3/2 → 56F 5/2 +60P 1/2 on the Mandel Q-parameter are of particular interest. One may experimentally explore the use of electric fields in controlling the effectiveness of the Rydberg blockade. Specifically, we intend to measure the Mandel Q-parameter to characterize the effectiveness of both the permanent-dipole-interaction method and the Förster-resonance tuning method, described in Secs. V A and V B, respectively. The results presented here may also be used to study the dependence of plasma formation in cold Rydberg gases on various quantum states and excitation geometries.
